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Compiler Support of Interval Arithmetic
with Inline Code Generation and
Nonstop Exception Handling

Introduction
To guard against producing erroneous results, IEEE 754floating-point exception
handling is used in situations where no singlefloating-point number is the unam-
biguously correct result. See [?]. In extended real interval systems, no exception
handling is required for undefined point events. Point operations that produce any
possible set of real results can be enclosed in extended intervals with finite or in-
finite endpoints. For the theoretical foundation of extended interval arithmetic,
see [?]. For a detailed description of the “Simple” interval system and its imple-
mentation, see [?] and [?], respectively. For the Sun Microsystems Inc. ForteTM

Developer 6 Fortran 95 compiler implementation, see [?]. Hereafter, reference is
made simply to thef95 compiler.

Whatever interval system is devised and however it is implemented, the fundamen-
tal containment constraint of interval arithmetic must be satisfied, see [?]. That is,
the set of all possible values of any expression must be contained in the expression’s
interval evaluation. Subject to this single requirement, any design optimization cri-
teria can be chosen. Some obvious candidates include:
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Runtime speed, given existing hardware

Narrow width interval results

Complete and transparent (easy to write and read) language syntax and semantics

Compilation speed

Source-code compatibility as new features and/or hardware support are intro-
duced

With intrinsic compiler support, inlining is a practical way to produce optimized
code that executes faster than function calls generated by a pre-compiler, C++ class,
or Fortran 90 module.

The minimum width of any interval result is the interval hull of the containment set
(or topological closure) of the computed expression, see [?] for an overview. Any
narrower result is guaranteed to produce a containment failure. Any wider result is
not as narrow as it can be. The containment set of any interval expression is always
defined. This is true, even when interval arguments of the expression include values
for which the expression is undefined in the real or extended real systems.

Language support for interval code should be easy to use.

Flexibility to choose between compile-time and run-time should be possible. Flexi-
bility is needed so fast compilation is possible when debugging, but fast production
code can be generated at the expense of compile time.

Finally, as new interval language features are introduced and new interval-specific
hardware support is made available, existing source code must continue to compile
and produce correct interval results.

Some of the above goals conflict. For example, runtime speed, compile-time speed
and narrow width all interact to varying degrees. Two fundamentally different ap-
proaches can be taken to cope with the resulting complexity:

Make few design choices, but rather provide users with options from which to
choose, or

Make many design choices by anticipating those option combinations that inter-
val code developers will want
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Providing many options is prudent if there is neither consensus about, nor under-
standing of, the most desired design choices. Options are expensive to test, docu-
ment, and maintain. Choosing among a plethora of options can also be a burden
for users. The resources spent on unnecessary options can be better spent on fea-
tures that developers prefer. Moreover, minimizing the alternative options compil-
ers must handle can lead to faster executing code. In particular, fewer options make
in-line-code more practical.

An advantage of closed interval systems is that exceptions are logically impossible.
Closed interval systems have no restrictions on the domain of argument intervals.
Therefore interval-specific exception handling machinery is unnecessary. Where
possible, the existing IEEE-754 data structures and operation definitions are used
to make initial software implementations as fast as possible, see [?]. The interest-
ing challenge is to adapt IEEE data structures and operations to cope with needed
interval constructs such as the empty and entire intervals. The empty interval is
the empty set, and arises naturally in a number of ways, including the intersection
of two disjoint intervals. Theentire interval is, the interval [−∞,+∞] . The only
overriding constraint of any interval system implementation is that the internal eval-
uation of any expression (function or relation) must produce a valid interval result
that encloses the expression’s containment set, see [?].

Implemented Interval Endpoints
Not all possible interval endpoints must be implemented to have a closed interval
system. Only the entire interval, [−∞,+∞], is logically required. A containment
failure can always be avoided by returning the entire interval, even if this is not the
narrowest possible result. Representing the empty interval is a high priority, as is
representing single infinite endpoints. Two choices that remain to be made, include
the interpretation of:

Zero interval endpoints

Infinite interval endpoints

Only the “Simple” system is implemented in the first release of support for intervals
f95. The fact that the implemented interval language support isopaque, means that
the structure of internal hardware representations is not needed either by developers
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or end users. As a consequence, incremental increases in interval-specific hardware
support can be transparently introduced while preserving source code and ASCII
file compatibility. Necessarily, unformatted file compatibility cannot be maintained
when interval data structures change.

Zero Interval Endpoints

Three possible interpretations exist for an interval with a zero endpoint:

1. An interval with a closed endpoint – that is, the unsigned point at zero

2. An interval with an open negative or positive zero endpoint, excluding the un-
signed point at zero

3. The result of IEEE underflow, which is a signed closed interval endpoint that is
bounded away from zero

The first alternative is necessary to represent zero interval endpoints and is the only
zero-valued endpoint implemented in the “Simple” system. In this system, the sign
of IEEE zero is ignored.

Infinite Interval Endpoints

Four possible interpretations exist for intervals containing an endpoint with ab-
solute value greater than can be represented with finite IEEEfloating-point num-
bers:

1. An interval with a closed endpoint that is a signed value of+∞, or−∞, see [?]
for the topological justification of this interpretation

2. An interval with a closed endpoint that is the projective or unsigned infinity,
which is the union of the signed infinities

3. An interval with an open negative or positive infinity, excluding both signed in-
finities and projective infinity

4. The result of IEEE overflow, which is a signed closed interval endpoint that is
bounded away from infinity
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Signed infinities are necessary to represent the entire interval, unless some special
representation is used for the interval [−∞,+∞] . Signed infinities are the only
infinite endpoints implemented in the “Simple” system.

The “Simple” System

The “Simple” system is designed to make a software implementation easy to de-
velop and efficient to execute. Supporting additional interval endpoint interpre-
tations in the implemented system will become practical with additional interval-
specific hardware support.

The Empty Interval and the Domain of En-
closures
In [?], the containment set of values that must be included in any interval result is
defined. This definition is important because it makes explicit the set of values that
an interval enclosure must contain when an interval argument is partially or totally
outside an expression’s domain of definition. The empty interval (equivalently, the
empty set, denoted∅) is the containment set of an expression evaluated at a point
that is bounded away from the expression’s domain. The containment set is the
set of values that an interval enclosure must contain. Popova [?] also made the
empty-set proposal for any points strictly outside a function’s domain of definition.
In effect, Popova simply defined the set of values that the interval evaluation of a
function, f, over the interval,X0, must contain to be:

f (X0) ⊇ hull
({

z | z ∈ f ({x0}) , x0 ∈ X0 ∩D f
})

; (1)

where: hull(S) = [
inf (S) , sup(S)

]
is the interval hull of the set,S; andD f de-

notes f ’s domain of definition. It is assumed thatf (∅) = ∅. Points in braces, i.e.,
{x0} , are singleton sets. An expression,f, of a singleton-set argument produces a
result that is a set. See [?] and [?], for details.
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Enclosures at Accumulation Points
The definition in (1) works for some functions, such as√

, but leads to contain-
ment failures for others, such as division by zero. To prevent containment failures,
limiting values must be included as arguments approach values on the boundary
of expression domains. In [?], the set of values that must be included in the in-
terval evaluation of any expression is proved to be the topological closure of the
expression. Theclosure of an expression includes all possible limiting values of
the expression as arguments approach the value in question. For example, with

division by zero, all possible sequences
(

1
x j

)
, given that limj→∞ x j = 0, must

be considered. In particular, ifx j =
−1

j , or x j =
1
j , then limj→∞ x j = 0. How-

ever, if x j =
−1

j , lim j→∞
1
x j
= lim j→∞ (− j) = −∞. Similarly, if x j =

1
j , then

lim j→∞
1
x j
= +∞. Therefore the containment set of the expressionf (x) = 1

x ,

evaluated atx0 = 0 is denoted

cset( f, {x0}) = f ({x0}) (2)

= {−∞,+∞} ; (3)

where f ({x0}) is the usual notation for the closure of the expression,f, at the point
x0.

The containment set is the smallest set of values that eliminates the possibility of
subsequent containment failures. In [?], containment sets and expression closures
are proved to be identical. Over any arbitrary set,{X0}

1, the containment set of the
function, f, is simply the union of all possible containment sets evaluated at every
possible point in the set,{X0} . Therefore,

cset( f, {X0}) =
{
z | z ∈ f ({x0}) , x0 ∈ X0

}
.

Notice that because expression closures are always defined, there is no restriction
on the arguments of any expression or its containment set. These results remove
any restrictions on the domain of definition of interval enclosures. Therefore, no
exceptional events exist in the compiler implementation of closed interval systems.

1 All sets are enclosed in braces{.} to distinguish them from intervals, which are denoted using unbracketed upper case letters.
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The definitions of closures and containment sets carry over to expressions of more
than one variable. For additional details, see [?] and [?].

Alternative Design Choices
As discussed in Section , points on the boundary of open domains of expressions,
the expression’s closures must be included to avoid containment failures. However,
when expression arguments are strictly outside the domain of definition, alterna-
tive interpretations and actions are possible, including simply returning the empty
interval. Possibilities include:

1. if values remain undefined:

a abort the program or otherwise raise an interval-specific exception;

b return a non-default IEEENaNNaI, representing a error condition, where the
subscriptNaI is a mnemonic for “Not-an-Interval”, or;

c return the empty interval.

2. return the entire interval,IR∗, which is the entire extended real line, [−∞,+∞];
or

3. returnNaNC∗ , representing the entire extended complex plane.

Option 1a is possible, but has the disadvantage that programers must write defen-
sive code to prevent programs from aborting or raising exceptions when this is inap-
propriate. Option 1b is the equivalent ofNaN for points and will propagate through
every operation and function evaluation. While programs returningNaNNaI will not
abort, a returnedNaNNaI implies that a programing error has been made. While a
logic or programming error may have been made when an interval argument is par-
tially or totally outside the domain of an expression, without program context, it is
impossible to know whether any kind of error has taken place. See [?]. Therefore,
the only condition under which it is conceivable that aNaNNaI can be justified is if
an invalid interval is encountered. An invalid interval is one in which the infimum
is greater than the supremum. Because invalid intervals can only arise as the result
of an input operation or the explicit creation of an interval using theINTERVAL
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constructor, invalid intervals are handled in exactly the same way as an attempt to
read a character string into afloating-point variable. Rather than introduce a sep-
arate internal representation for this event, eitherIR∗ is returned or processing is
aborted. Inf95 the former is done ifERR=, or IERR are defined in an interval
input operation, or theINTERVAL constructor is used. Processing is aborted with
an appropriate error message, otherwise. Option 1c is implemented inf95. Option
2, while not a containment failure, implies that some or all of the points on the real
line may need to be contained in an enclosure. For a real system, this is not so. In
the absence of an error, returning the empty interval is the correct and sharp result.
Option 3 implies that some or all of the points in the complex plane may need to
be contained in an enclosure. This makes sense in an extendedcomplex interval
system. However, the implemented system implemented is explicitlyreal. There is
no requirement to introduce complex intervals as there is no requirement to include
complex values in anyreal enclosure.

For additional justification for returning the empty interval when expression argu-
ments are outside domains of definition, see [?].

Conclusion
Implementation design choices have been made to provide an optimal interval soft-
ware development environment given resource and environment constraints. The
goal of describing the logic used to choose among alternative designs is to promote
understanding and acceptance of the implemented features.
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