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Empty Intervals

Introduction
The “Simple” closed interval arithmetic system is defined in [?]. For an arith-
metic system to be closed, any arithmetic operation on members of the system must
produce members of the system. For the interval arithmetic system to be closed,
the interval [−∞,+∞] must be a member. All members of the system must be
closed sub-intervals of the set of extended real numbers,IR∗ = IR∪{−∞,+∞} =
[−∞,+∞] , referred to as theentire interval. To include all arithmetic operator-
operand combinations, interval results are required that do not exist for points.
These include division by zero and indeterminate forms involving combinations of
zero and infinity, such as 0/0,∞/∞, and∞−∞.

Any returned interval must be an enclosure of the set of all possible values that
the operation or expression can produce. The smallest set of all possible results is
termed thecontainment set of the operation or expression. Enclosing the contain-
ment set is thecontainment constraint of interval arithmetic. Any returned interval
must satisfy this containment constraint. Given the containment constraint is satis-
fied, narrow returned intervals are preferred.

To return interval results that are as narrow as possible, the empty interval (which
is the empty set) is supported. Whenever possible, features of IEEEfloating-point
arithmetic are used to facilitate implementing new interval results that do not have
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point counterparts, see [?] and [?]. The empty interval naturally arrises from the
intersection of two disjoint intervals. The empty interval is also returned when in-
terval arguments are bounded away from the domain of the enclosed point function
or relation. In this note, justification is provided for returning the empty interval
in this case. For an overview of this and other innovations implemented in the Sun
Microsystems Inc. ForteTM Developer 6 Fortran 95 Compiler, see [?].

Distinguishing Between Empty Intervals and
Errors
In [?], the mathematical foundation is established for returning the empty set when
a function or relation, hereafter referred to as an expression, is evaluated at a point
that is strictly outside the expression’s domain of definition. To avoid containment
failures, it is also proved that the topological closure of a relation at points on
the boundary of its domain must be included in containment sets. Consequently,
no restriction exists on the domain of any extended-real-interval expression. The
underlying set-basedIR∗-system is closed. When an expression is evaluated at a
point that is bounded away from the expression’s domain, the natural result is the
empty set.

This result has two important consequences: first, if the interval,X, is strictly
outside the domain of the expression,f , then the expression’s interval evaluation,
f (X), is the empty interval. Second, ifX ∩ D f �= ∅ (that is, if X contains at
least one point in the closure1 of domain of f ), then any part ofX that is outside
the closure off ’s domain, D f , is ignored. Thus, for example,

√
[−1,1] = [0, 1],

and
√

[−2,−1] = ∅. In [?], the containment set of an expression is proved to
be the expression’s topological closure2. Therefore, points on the boundary of an
expression’s domain must be include to prevent containment failures.

Different alternative interpretations are possible for points strictly outside an ex-
pression’s domain. One alternative system, termed the “Na RI -system” treats any
point outside a real function’s domain of definition to be either an error or a point
in the complex plane. In this framework, because some points in

√
[−1,1] and

1 Theclosure of a set is the set, augmented by all limiting values (called accumulation points) of sequences of points in the set.
2 An expression’s topological closure is augmented by the limiting expression values for argument sequences whose limits equal
the given expression argument. Sequence convergence is defined topologically.
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IR∗-System

Result of: Extended Real Interval NaRI
√

B X − AX =
√

[−4,1] [0,1] C∗

√
X(B − A) =

√
[−2,−1] IR∗ C∗

√
AX − B X =

√
[−1,4] [0,2] C∗

√
X(A− B) =

√
[1,2]

[
1,
√

2
] [

1,
√

2
]

TABLE 1 Comparrison ofExtended Real Interval and Not a Real Interval Systems.

√
[−2,−1] have a complex interpretation, a pair of quiet NaNs, say NaNC∗ , could

be used to represent the entire complex plane. This could be done, in a real system.
In a complex system, a complex result could be returned. An additional pair of
quiet NaNs, NaNNaI , could be used to signal an undefined outcome, that does not
have a complex interpretation. In theNa I -system:

cset( f, X0) =




f (X0) if X0 ⊆ D f

C∗
if there exists anx0 ∈ X0 such that
f (x0) ∩

({C∗} − {
IR∗

}) �= ∅
NaI otherwise.

C∗ would be returned anytime there is a complex interpretation of a function result.
When no real or complex interpretation exists,Na I (Not an Interval) would be
returned. For the purpose of the present development, it is sufficient to introduce
the mnemonic “NaR I ” for the “Not-a-Real-Interval” System to cover the union of
both theC∗ andNaI cases.

The IR∗- and NaR I -systems are motivated by different views of a compiler’s
obligation to produce code in the presence of apossible algorithm or coding er-
ror. Consider the computation of

√
AX − B X and

√
B X − AX; with A = [3, 3],

B = [2, 2], and X = [1,2]. AX − B X and B X − AX evaluate to [−1,4] and
[−4, 1], respectively. However,X (A − B) and X (B − A) evaluate to the mini-
mum width results: [1, 2] and [−2,−1], respectively. Suppose that an algorithm
or programming mistake leads toB X − AX or X (B − A) being coded instead of
AX − B X or X (A − B). The following table shows the resulting values under the
IR∗ andNaRI systems.

Thus, three events can cause an interval argument to be totally or partially outside a
function’s domain of definition: an algorithm error, a coding error, or dependence.
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With no algorithm or coding error, an interval argument can still be strictly outside
an expression’s domain of definition. Any interval that is partially outside an ex-
pression’s domain can be partitioned into two sub-intervals, one of which is strictly
outside.

Suppose, for example, that an interval enclosure of the functionf (x) = √
g(x) is

computed using an unsharp interval enclosure ofg(x). Let X0 be the interval over
which a bound on the range off is required. LetY0 = g (X0) be the unsharp enclo-
sure of cset(g, X0) . If Y0 is partitioned intoY01 ∪ Y02 with sup(Y01) = inf (Y02) ,

then it is possible for sup(Y01) to be strictly negative. As a consequence of splitting
Y0 and computing

√
Y01 ∪

√
Y02, the square root of a strictly negative interval can

be encountered. The resulting square root ofY01 does not imply that an analysis or
coding mistake has been made. Therefore, excess interval width, alone, can cause
an argument to be strictly or partially outside an expression’s domain of definition.

Conversely, neither algorithm nor code correctness are assured when an argument
(interval or otherwise) is contained in a expression’s domain. There is simply no
logical connection between argument values and evidence of an error. Moreover, a
heavy price must be paid in defensive code to avoid unnecessary error conditions
if any argument partially outside a function’s domain is treated as an error. For
example, in place ofSQRT(X) the following will need to be written:

SQRT(X. IX. [0,INF]);

where in f95, .IX. is the interval intersection operator, see [?].

The negative consequences to programers from theNaR I -system, occur because
of the operational difference in behavior between∅ and Na RI . In arithmetic op-
erations on either∅ or NaRI and a real interval,X, both∅ andNa RI propagate.
The difference stems from behavior of the interval hull and intersection operators.
In the following illustrative examples, let∪ and∩ (.IH. and.IX. in f95) denote
the interval hull and intersection operators, respectively. The interval hull is the
smallest interval that contains the union of two intervals. Therefore, the interval
hull of an empty interval and any interval, sayX , is simply X . The interval,X, is
an element of the set of all possible extended real intervals, denoted,IIR∗. Then,
for the interval hull operator:

∅∪X ≡ X, (1a)

C∗∪X ≡ C∗, (1b)

NaI∪X ≡ NaI. (1c)
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In contrast, for the interval intersection operator:

∅ ∩ X ≡ ∅, (2a)

C∗ ∩ X ≡ X, (2b)

NaI ∩ X ≡ NaI. (2c)

The set-relational operators including set-equality (.SEQ., .SLE., and .SGE.)
also have truth values that depend on the difference between∅ andC∗ or NaI . For
example:

∅ .SEQ. ∅ ≡ true, and (3a)

C∗ .SEQ. C∗ ≡ true, whereas (3b)

NaI .SEQ. NaI ≡ f alse. (3c)

In every other way,C∗, Na I and∅ propagate in the same way.

The problem with returningC∗ or NaI is that this implies an error of some kind
has taken place. As shown above, this is not necessarily the case. Conversely, an
empty outcome, as with any result, may be the product of an error. With an empty
outcome, context can be used to identify and/or preclude some of the possible error
causes.

Interpreting Empty Interval Results
Interpreting empty interval results requires care, because depending on the context,
an empty result may or may not be an error indicator.

Intervals have a dual numeric and set interpretation. In a set context, empty results
and operations on empty intervals are natural. For example, the empty interval in
a set context is a valid outcome of the intersection (.IX. in f95) of two disjoint
intervals.

Arithmetic operations can also produce empty intervals. When they do, it may or
may not indicate a programming or algorithm error has occurred. For example,
as seen above in Table 1, if an interval is computed that must be non-negative,
and it turns out to be strictly negative, say[-2, -1], this is an error because a
containment failure has occured. Inf95, this error can be detected in a number
of ways. For example an explicit test can be made using the certainly-less-than
relational operator (.CLT. in f95):
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IF(X .CLT. 0)

See [?] for documentation of all interval-specific relational operators.

Alternatively, if an intrinsic function with a non-negative domain is given a strictly
negative interval argument, an empty interval result may be an error indicator. For
example, ifX is the complete result of a calculation that must be non-negative,X
may contain some negative values, because of rounding and/or dependence. See
the examples in Table 1, above. However,X must contain some non-negative val-
ues. Therefore ifX is strictly negative,SQRT(X) returning[empty] is an error
indicator. However, ifX is only partially negative andX is partitioned into two
sub-intervals,X1 andX2, with X1 strictly negative,

SQRT(X1) returning[empty]

is not an error. IfX1 is strictly negative, the empty interval is the required re-
sult for the following expression to return a valid interval that does not violate the
containment constraint:

SQRT(X1) .IH. SQRT(X2)

Context is necessary to identify situations where an empty result is an error indica-
tor.

Empty interval results propagate through arithmetic operations, and therefore will
not be lost. However, there are four ways an erroneous empty intermediate result
can be lost and therefore go undetected:

An empty result is an operand of an interval hull operation with a non-empty
operand. This can be prevented by checking for interval hull operands that may
be unexpectedly empty.

An empty result is an operand of an intersection operation, the result of which, is
legitimately empty. To prevent losing an erroneous empty result, check to make
sure arguments of the intersection operator are not spuriously empty.

Dead code. (There is no path to dead code.) To prevent losing an empty result,
check for, and eliminate, dead code.

6



An empty result is part of an incomplete set of relational tests. Complete se-
quences of relational tests can be used to prevent the loss of an empty interval.
For example, the code in Example 1 can hide the fact thatB is empty. IfA is
empty,X must be also from the assignment in line 2. However, ifB is empty,X
is set toA**2 in line 4. If B is erroneously empty and never used in subsequent
code, the error that causedB to be empty will not be detected.

Example 1

IF(A .CLT .B)THEN
X = A ! line 2
ELSE
X = A**2 ! line 4
ENDIF

Affirmative relational tests (any order relation other than certainly- or possibly-
not-equal) are false if either operand is empty. To prevent empty results from being
hidden by incomplete sequences of relational tests, either check if A or B is empty
before executing the code in Example 1, or use a complete set of affirmative rela-
tional tests, as shown in Example 2.

Example 2

IF(A .CLT .B)THEN
X = A
ELSEIF(A .PGE .B)THEN
X = A**2
ELSE
!code to deal with A or B being empty
ENDIF

Coding complete sequences of relational test is facilitated with the full set of certainly-
, possibly-, and set-relational operators. See [?].

Compiler support can be provided to alert programmers when each of the four
empty-hiding mechanisms may exist. For example:

flag any interval hull operator containing an operand that results from an arith-
metic operation;

flag any incomplete relational test sequence;
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flag any intersection operator containing an operand resulting from an arithmetic
operation; and,

identify dead code.

These mechanisms have not yet been implemented inf95. They remain quality of
implementation opportunities.

Conclusion
The concepts of Not-an-Interval,NaI , Not-a-Real-Interval,Na RI , and the entire
extended complex plane,C∗, are neither required nor desired in the implementation
of an extended real interval system. In a real interval system, returning anything but
the empty interval is undesirable because without context it is not possible to know
if C∗ or NaI is the correct value to return when an argument is strictly outside a real
expression’s domain. There is no need to enclose complex values in a real system
and it is always possible to encounter intervals that are either partially or totally
outside the domain of expressions for which interval enclosures are computed.
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